
 Hensellslemma

Complete rings satisfy a nice analytic property similar to
Newton's Method called Hensel's lemma which we will state but
not prove and then use it to work through someexamples

Motivating In the padios congruences are approximations

if a b modph then they agree in their first n entries
The higher the n the closer they are

For example 5 12mod21 5 12 mod22 but 5 12Cmod8

and in fact 5 is not a square in 7 22 Thus 5 is not a perfect

square in Rs even though we can approximate its root up to a

certain order

Nowconsider 7 c123 Notice that

7 12mod3
7 1 3 mod32
7 1 3 32 mod33

And in fact in this case we can continue indefinitely

Hensel's lemma tells us when the root of a polynomial mod p can

be lifted to a root in Xp
e g we saw that f x x 5 has no root in 72



Wefirst state the Rp version and then the more general version

Hensel'slemmaversion1 If f x c Rp x and a cTlp satisfies

f a O modp f a 0 modP

thenthere is a unique bcTlp st f b O and a b modp

Ex In the case of f x x2 5 in Zz f x _2x I 0 modp t

so we can't find a square boot this way

However in 73 if f x _x2 7 then f 1 EO mod3 and f l 2

which is not 0 mod 3 so f has a root in Rz In fact
f 2 4 7 0mod3 and f 21 4 so f has 2 roots

Ingeneral we can ask which elements ccXpare perfectsquares

we can write pub where n 20 and Ptb Thin c is a

square iff h is even and b is a square

Consider the polynomial f x x2 bCXpCD It's derivative is 2x

If p t 2 Then if b is a square mod p say b a modp then

let a and b be the images in Mpaand we get E b modp

b 0 so II 1 0



Thus we concludethat cphbhas a root in Xp pt 2 iff b is a

square mod p

If p 2 we can't applythis version of Hensel's lemma
Here's a generalization

Hensel's Lemmalmore general version let R be a ring that

is complete with respect to the ideal m and let f x c R x

be a polynomial with approximate root a in the sense that

f a e f a m

Then there is a root b of f near a in the sense that

f b O and b a c f a in

If f a is a nonzero divisor in R turn b is unique

Ex Back to the case of c 2 b b odd
If b is a square then

b it 2k It 4kt4k 1 4 kik b L mod8ineven

If f x x2 b then f x 2x so f a m 8a

for any a

Then take a I a b I 0 mod 8 so Hensel's lemma

says b has a 2 adic square root



q


