Hemsel's Levm ma

CDW\pLd-e hings satiscfy o nice omalytic property, similar fo
NU/V’hJVI(S MLThodJcalled Hewnsel ' b.zw\w\a, whelh we will <tate but

hot piave, ordd tThan use i+ to work h’”"""j"’ Arwvie eym/w\ptes.

Mofivation : [w Tue p-odics, Ungiuencs are approXimahins:
if a=b wmod p* fwm Tney agrer i i fit . thhie
Twe lm:jbu,v e n, the doger tuy are.

For exomply, 5=l @od 2 5= (" (mod 2°) bur 5 F '(medg]),
and n fad, 5 s net a Square in 7/273. Tus, 5 (s not & perfect

Square in 7Zg) evem Thmjl’l We  cam "&ppvoximm‘c" its oot up b a

cerfain ovder

Now tongidu T € 723. Notice That

3= (mod 3)
F=(+3)" (mod 3*)
3 =(1+3+3%)" (nod 3°)

And, in fact, in hwis cace we Camn Conhue l'l/\d;.ﬁ'm'{'ellj.

Hensel's lemma. tells us whm Tue woot of a polynomial mod p com

he litted t a wot in 7ZI°'

2.9. we Saw  Twat £(x)= x° =6 has ho oot in 75,



We firdh chate twe €p  vevsion and then e Wmore goamal VeI,

Honsel's Lomma, version 1@ 1# F(x)€ T (x) and  a e Ty sahickies

£(2)=0 (mod p), F7(a)F 0 (wod P)

Num Tuere ¢ o Umique be Zp 4 F(6)=0 omd  ash (mod p).

Ex: n Mo cage od £x)=at-5 m 7, F(x)=2x350 (med p) V7,

S0 we Con't frind G §quaie oot thig way .

However, in 7y, £ F(x)=a2-7F, Tam $()T0 (med D), od §(1)-2,
which is net 0 mod 3, o F hag a oo+ in ?3. In ‘ot
F(2) = 4-F < 0(md3) ang ‘f'(l)="', o F hag 2 voots!

In yomual, we osk: Which elomumts &7, ave pufect Squares

We  com  wiite c,cp'”|o, Whirve WZ0, ond p{"o. Twm ¢ s a

square HF n 15 evom omd b ¢ a Squake.
CWS'.M -h’\L POI«UV\-M;Q[ ‘F(W) = ’xl"'t) e'/?f; C”‘j H"S d-LViVG‘HUQ f& ’2,7(.

[£ P'r": 2. —nMM if b g o Square o d P, Snlj bEQZCMod P), h/u.M

let & ad b e tue imageg i Z/P/Z and  we g,_{- %=L (med p)_

E#O; SO (—ZOT#O.



Thus, we comelude twat c=g'b has a ot in %y (p#2) €L b it o

Squave mod p.

£ p=2, we cam't qpplb‘hm‘& vevsion ot  Hemsel's  Lemama.
Heve's a Wa‘l{%aﬁw.

Hensel's Lemma (move grrnal version): Lt R ke & nyj That
5 omplete Wwith Fespect o T 1deal m, onmd Wt f(xye R ()

be a polynemial Wit appwximate ot a, W The guge Mat

$(a) & §$'(a) m,

Twunw There s a wot b o § "“mear' a in e semse tatk

“Y'Clo)’*o T | b-a € ‘fICo»)W\,.

| £ 5—/Ca) i¢ a honzewo divisoyr ﬂAR, o b & WVl;ﬂULIL.

Ex: Back fo twe case ot ¢=2%b, b odd.
£ b is a square Thwaum

b= (1e2k)" = 1+l 4k = o4 (kb)) > b 21 (mod §)

e von

() =ar-b, fwm  F0=2x, 5 $7() m = Ba)

‘6)'\/ 0\/\1\/\3 Q..

Tum  +ak a=l = a*-L =0 (med X)J w Wensel's lemma
S5 b has a 2-adic Square ot






